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Abstract
We propose an N = 1 superfield formulation of Lagrangian quantization in general hypergauges
by extending a reducible gauge theory to a superfield model with a local dependence on a Grassmann
parameter θ. By means of θ-local functions of the quantum and gauge-fixing actions in terms of
Darboux coordinates on the antisymplectic manifold, we construct superfield generating functionals of
Green’s functions, including the effective action. We prove the gauge-independence of the S-matrix,
obtain the Ward identities and establish a relation of the proposed local quantization with the BV
method and the multilevel Batalin–Tyutin formalism.
1 Introduction
The quantization of gauge theories on the basis of BRST symmetry [1] is usually carried out in the
Hamiltonian [2] or Lagrangian [3] schemes, which were recently given a superfield description [4, 5] based
on nontrivial [4] and trivial [5] relations between the even t and odd θ components of supertime. These
works realize a geometric interpretation of BRST transformations in terms of supertranslations, which
originally provided a basis for the superspace formulation [6] of quantum theories of Yang–Mills type [7],
and, in a larger context, were applied to a classical and quantum description [8, 9, 10] of generalized Poisson
sigma-models [11] and D = 1 sigma-models with an arbitrary N ≥ 1 number of Grassmann coordinates,
as well as to a construction [10] of the partition function with N = 2 (for more details, see [12]).
The Lagrangian formalism [5] is a superfield modification of the BV method including non-Abelian
hypergauges [13]. The formalism [5] provides a relatively complete insight into superfield quantization
based on the properties of solutions to the generating equations; however, it does not indicate a detailed
relation between these solutions and a gauge theory. It is therefore natural to complement the formalism
by an explicit superfield description of the gauge algebra for a given model. This problem has so far
remained open. Thus, the definition of a classical action of superfields, Ai(θ) = Ai + λiθ, on a superspace
with coordinates (xµ, θ), µ = 0, . . . , D − 1, as an integral of a nontrivial1 odd density L(x, θ) is a question
for every given model. As a consequence, the vacuum functional Z and generating functional of Green’s
functions Z[Φ∗] of [5] exhibit a peculiarity. Namely, these objects differ from their counterparts of the
BV [3] and Batalin–Tyutin [13] methods, which is implied by a dependence of the gauge fermion Ψ[Φ]
and quantum action S[Φ,Φ∗] on the components λA of superfields ΦA(θ) in the multiplet (ΦA,Φ∗A)(θ) =
(φA+λAθ, φ∗A−θJA), where (φ
A, φ∗A, λ
A, JA) constitute the complete set of variables in the BV formalism.
The aim of this paper is to propose an N = 1 local superfield Lagrangian quantization in which the
quantities of an initial classical theory are realized through a θ-local superfield model (LSM). Note that
we adopt a terminology consistent with that of the papers [14], in which the quantization [4] with a single
fermion superchargeQ(t, θ) containing the BRST charge and unitarizing Hamiltonian was extended to N =
2 (non-spacetime) supersymmetries, and then to an arbitrary number of supercharges, Qk(t, θ1, ..., θN ),
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1A trivial density L(x, θ) is understood in the form
∫
dDx dθL(x, θ) =
∫
dθ θ S0 (A(θ)) = S0(A), where S0(A) is a usual
classical action.
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k = 1, ..., N , depending on Grassmann variables θk. An LSM presents the objects of a gauge theory in
terms of θ-local functions trivially (in comparison with the Hamiltonian superfield scheme [4]) related to
the spacetime coordinates, which means that the derivatives over the even t and odd θ components of
supertime are taken independently. This implies an analogy with classical field theory in which, as distinct
from the tradition inspired by a superfield description of the SUSY spacetime (used in [4, 5] to define
the classical and quantum actions as functionals in superspace), we start from θ-local functions. Our
arguments are based on the fact that the t-local quantities Γp(t), H(t), t and the operation { · , · }, being
the phase-space coordinates, Hamilton function, even time and Poisson bracket of a t-local field theory,
are put into a correspondence with the quantities Γp, {p, t} ⊂ p, S(Γ), S ⊃ H(t), µ and the operation
( · , · ), being the field-antifield coordinates, quantum action, odd parameter of BRST transformations and
antibracket used in the BV method. Extending this duality, we consider (replacing µ by a parameter θ
whose range includes µ) the latter quantities and operation (as well as the generating functionals of Green’s
functions) as θ-local objects, so that, in view of the nilpotency of θ, physical quantities are determined
only by the θ-independent part of θ-local functions. Using these principles, we reproduce the dynamics
and gauge invariance of an initial theory (with θ = 0) in terms of θ-local equations, called Lagrangian
and Hamiltonian systems (LS, HS) with a dynamical odd time θ, implying that θ generally enters an
LS or HS through a differential operator ∂θ which describes the θ-evolution. The proposed formalism
permits us to circumvent the mentioned peculiarity of the functionals Z, Z[Φ∗] in [5] and to solve the
following problems: We develop a dual description that interrelates the Lagrangian [3] and Hamiltonian
[2] formulations of an arbitrary reducible LSM proposed in [15] for irreducible gauge theories (with bosonic
classical fields and gauge parameters) in terms of a BRST charge related to a formal dynamical system
with first-class constraints of a higher stage of reducibility. An HS constructed from θ-local quantities
(a quantum action, a gauge-fixing action, and an arbitrary bosonic function) encodes, through a θ-local
antibracket, both BRST and anticanonical-like transformations in terms of a universal set of equations
underlying the gauge-independence of the S-matrix. For the first time within superfield quantization,
we introduce a superfield effective action (also in the case of non-Abelian hypergauges). We establish a
relation of the proposed local quantization with the BV and Batalin–Tyutin methods [3, 13], as well as
with the superfield formalism [5].
We use DeWitt’s condensed notation and the conventions of [5]. As usual, the rank of an even θ-local
supermatrix M(θ) with Z2-grading ε is characterized by a pair of numbers m = (m+,m−), where m+
(m−) is the rank of the Bose–Bose (Fermi–Fermi) block of the θ-independent part of the supermatrix
M(θ), rank‖M(θ)‖ = rank‖M(0)‖. With respect to the same Grassmann parity ε, we understand the
dimension of a smooth supersurface, also characterized by a pair of numbers in the sense of the definition
[16] of a supermanifold, so that the pair (m+,m−) coincides with the corresponding numbers of the Bose
and Fermi components of zi(0), being the θ-independent parts of local coordinates zi(θ) parameterizing
this supersurface.
2 Classical Description of a θ-local Superfield Model
In this section, we propose odd Lagrangian and Hamiltonian descriptions of an LSM as extensions of a
usual model of classical fields Ai, i = 1, ..., n = n+ + n−, to θ-local theories defined on the respective
tangent ΠTMCL =
{
AI , ∂θAI
}
(θ) and cotangent ΠT ∗MCL =
{
ΓPCL =
(
AI ,A∗I
)}
(θ), I = 1, . . . , N =
N+ + N− odd bundles,
2 (n+, n−) ≤ (N+, N−). The superfields (AI , ∂θAI)(θ) and superantifields A∗I(θ),
A∗I(θ) = (A
∗
I − θJI), are defined in a superspace M = M˜ × P˜ parameterized by
(
zM , θ
)
, where the
coordinates zM ⊂ i ⊂ I include Lorentz vectors and spinors of the superspace M˜. The basic ob-
jects of the odd Lagrangian and Hamiltonian formulations of an LSM are Lagrangian and Hamiltonian
actions, [SL, SH]: [ΠTMCL × {θ},ΠT ∗MCL × {θ}] → Λ1(θ;R), being a respective C∞(ΠTMCL)- and
C∞(ΠT ∗MCL)-functions taking values in a real Grassmann algebra Λ1(θ;R). The actions determine the
respective functionals ZL[A] and ZH[Γk], whose θ-densities are defined with accuracy up to arbitrary
functions [g((A, ∂θA)(θ), θ), gH((A,A∗)(θ), θ)] ∈ ker{∂θ}, ~ε(g) = ~ε(gH) = ~0 (
∫
dθ = ∂lθ ≡ ∂θ)
ZL[A] = ∂θSL(θ), ZH[Γk] = ∂θ
[
V kP (Γ(θ))∂
r
θΓ
P
k (θ) − SH(Γk(θ), θ)
]
, k = CL
~ε(ZL) = ~ε(ZH) = ~ε(θ) = (1, 0, 1), ~ε(SL) = ~ε(SH) = ~0, (1)
2Π denotes the operation that changes the coordinates of a (co)tangent fiber bundle T (∗)MCL over a configuration A
I
into the coordinates of the opposite Grassmann parity, whereas N+, N− are the numbers of bosonic and fermionic fields,
among which there may be superfields corresponding to the ghosts of the minimal sector in the BV quantization scheme.
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where ZH[Γk] is expressed in terms of an antisymplectic potential, V
k
P (Γ(θ)) = 1/2(Γ
QωkQP )(θ), related
to a flat antisymplectic metric ωkPQ(θ) and an odd Poisson bivector ω
PQ
k (θ): ω
PD
k (θ)ω
k
DQ(θ) = δ
P
Q,
ωPQk (θ) ≡
(
ΓPk (θ),Γ
Q
k (θ)
)
θ
. The values ~ε = (εP , εJ¯ , ε), ε = εP + εJ¯ , of a Z2-grading introduced in [17],
with the auxiliary components εJ¯ , εP related to the respective coordinates
(
zM , θ
)
of the superspace M,
are defined by ~ε(AI) = ((εP )I , (εJ¯)I , εI) = ~ε(A
∗
I) + (1, 0, 1). Note that M can be realized as the quotient
of a symmetry supergroup J = J¯ × P , P = exp(iµpθ) for the functional ZL[A], where µ and pθ are a
nilpotent parameter and a generator of θ-translations, whereas J¯ is chosen as a spacetime SUSY group.
The quantities εJ¯ , εP are the Grassmann parities of coordinates in some representation spaces of J¯ , P .
These objects are introduced for a correct spin-statistic relation in operator quantization.
Due to a J-scalarnature ofZL[A], ZH[Γk] it is only [SL, SH](θ), among [SL, SH](θ), ZL[A], ZH[Γk], invari-
ant under a J-superfield representation T restricted to J¯ , T |J¯ , that transform nontrivially with respect to
the total representation T under AI(θ)→ A′I(θ) = (T |J¯ A)
I(θ − µ), for instance,
δSL(θ) = SL (A
′(θ), ∂θA
′(θ), θ)− SL(θ) = −µ [∂/∂θ+ P0(θ)(∂θU)(θ)]SL(θ). (2)
Here, we have introduced the nilpotent operator (∂θU)(θ) = ∂θAI(θ)∂l/∂AI(θ) = [∂θ, U(θ)]−, U(θ) =
P1(θ)AI (θ)∂l/∂AI(θ), and a set of projectors onto C∞(ΠT (∗)MCL) × {θ}, {Pa(θ) = δa0(1−θ∂θ)+δa1θ∂θ,
a = 0, 1}.
Assuming the existence of critical configurations for ZH[Γk], ZL[A], we present the HS dynamics through
a θ-local antibracket, and the LS dynamics in terms of superfield Euler–Lagrange equations,
∂rθΓ
P
CL(θ) =
(
ΓPCL(θ), SH(θ)
)
θ
; (3)
δlZL[A]
δAI(θ)
=
[
∂l
∂AI(θ)
− (−1)εI∂θ
∂l
∂(∂θAI(θ))
]
SL(θ) ≡ L
l
I(θ)SL(θ) = 0, (4)
where the latter system is equivalent (since ∂2θA
I(θ) ≡ 0) to an LS characterized by 2N formally second-
order differential equations in θ:
∂2θA
J (θ)
∂2l SL(θ)
∂(∂θAI(θ))∂(∂θAJ(θ))
≡ ∂2θA
J (θ)(S′′L)IJ(θ) = 0,
ΘI(θ) ≡
∂lSL(θ)
∂AI(θ)
− (−1)εI
[
∂
∂θ
∂lSL(θ)
∂(∂θAI(θ))
+ (∂θU)(θ)
∂lSL(θ)
∂(∂θAI(θ))
]
= 0. (5)
An equivalence of the two descriptions is implied by the nondegeneracy of the supermatrix ‖(S′′L)IJ(θ)‖ in
(5), under a Legendre transformation of SL(θ) with respect to ∂
r
θA
I(θ),
SH(ΓCL(θ), θ) = A
∗
I(θ)∂
r
θA
I(θ)− SL(θ), A
∗
I(θ) = ∂/∂(∂
r
θA
I(θ))SL(θ). (6)
In this case, the equivalence of an LS and HS is guaranteed by the respective settings (θ = 0, k = CL) of
the Cauchy problem for integral curves AˆI(θ) and ΓˆPk (θ), modulo the continuous part of I,(
AˆI , ∂rθ Aˆ
I
)
(0) =
(
AI , ∂rθA
I
)
, ΓˆPk (0) =
(
AI ,A∗I
)
: A∗I = P0
[
∂SL(θ)
∂(∂rθA
I(θ))
] (
AI , ∂rθA
I
)
. (7)
The Lagrangian constraints ΘI(θ) = ΘI(A(θ), ∂θA(θ), θ) identical to half the HS equations, ΘI(θ) =
−(∂rθA
∗
I(θ) + SH,I (θ))(−1)
εI , in view of transformations (6), restrict the setting of theCauchy problem
for an LS and HS, and may be functionally dependent as first-order equations in θ.
On condition that there exists (at least locally) a supersurface Σ ⊂MCL such that
ΘI(θ)|Σ = 0, dimΣ =M, rank
∥∥LlJ (θ1) [LlI(θ1)SL(θ1)(−1)εI ]∥∥Σ = N −M, (8)
there exist M =M+ +M− independent identities:
∂θ
[
δZL[A]
δAI(θ)
RˆIA0 (θ; θ0)
]
= 0, RˆIA0 (θ; θ0) =
∑
k≥0
(
(∂θ)
k
δ(θ − θ0)
)
Rˆk
I
A0 (A(θ), ∂θA(θ), θ) . (9)
The generators RˆIA0(θ; θ0) of general gauge transformations,
δgA
I(θ) = ∂θ0
[
RˆIA0(θ; θ0)ξ
A0(θ0)
]
, ~ε(ξA0 ) = ~εA0 , A0 = 1, ..., M0 =M0+ +M0−,
3
that leave ZL[A] invariant are functionally dependent on the assumption of locality and J¯-covariance, pro-
vided that rank
∥∥∥∑k≥0 RˆkIA0(θ) (∂θ)k∥∥∥Σ =M < M0. The dependence of RˆIA0(θ; θ0) implies the existence
(on solutions of an LS) of proper zero-eigenvalue eigenvectors, ZˆA0A1 (A(θ0), ∂θ0A(θ0), θ0; θ1), with a struc-
ture analogous to RˆIA0(θ; θ0) in (9), which exhaust the zero-modes of the generators and are dependent in
case rank
∥∥∥∑k ZˆkA0A1(θ0) (∂θ0)k∥∥∥Σ =M0−M < M1. As a result, the dependence relations for eigenvectors
that define a general Lg-stage reducible LSM are given by∫
dθ′Zˆ
As−2
As−1
(θs−2; θ
′)Zˆ
As−1
As
(θ′; θs) =
∫
dθ′ΘJ(θ
′)L
As−2J
As
((A, ∂θA)(θs−2), θs−2, θ
′; θs) ,
M s−1 >
∑s−1
k=0
(−1)kM s−k−2 = rank
∥∥∥∑
k≥0
Zˆk
As−2
As−1
(θs−2)
(
∂θs−2
)k∥∥∥
Σ
,
MLg =
∑Lg
k=0
(−1)kMLg−k−1 = rank
∥∥∥∥∑k≥0 ZˆkALg−1ALg (θLg−1)(∂θLg−1)k
∥∥∥∥
Σ
,
~ε(ZˆAsAs+1) = ~εAs + ~εAs+1 + (1, 0, 1), Zˆ
A−1
A0
(θ−1; θ0) ≡ Rˆ
I
A0 (θ−1; θ0),
L
A−1J
A1
(θ−1, θ
′; θ1) ≡ K
IJ
A1
(θ−1, θ
′; θ1) = −(−1)
(εI+1)(εJ+1)KJIA1(θ
′, θ−1; θ1). (10)
for s = 1, ..., Lg, As = 1, ..., Ms = Ms+ +Ms−, M ≡M−1. For Lg = 0, an LSM is an irreducible general
gauge theory.
For an LSM of the form SL(θ) = T (∂θA(θ))−S (A(θ), θ), the functions ΘI(θ), ΘI(θ) ∈ MCL×{θ}, take
the form of the usual extremals ΘI(θ) = −S,I (A(θ), θ) (−1)εI = 0 for the functional S0(A) = S (A(0), 0)
corresponding to θ = 0. Condition (8) and identities (9) have a form usual for θ = 0,
rank ‖S,IJ (A(θ), θ)‖Σ = N −M, S,I (A(θ), θ)R0
I
A0
(A(θ), θ) = 0, (11)
with linearly-dependent (for M0 > M) generators of special gauge transformations, δAI(θ) = R0IA0 (A(θ) ,
θ) ξA00 (θ), which leave invariant only S(θ), in contrast to T (θ). The dependence of R0
I
A0
(θ), as well as of
their zero-eigenvalue eigenvectors ZA0A1 (A(θ), θ), and so on, can also be expressed by special relations of
reducibility for s = 1, ..., Lg, namely,
Z
As−2
As−1
(A(θ), θ)Z
As−1
As
(A(θ), θ) = S,J (θ)L
As−2J
As
(A(θ), θ), ~ε(Z
As−1
As
) = ~εAs−1 + ~εAs ,
Z
A−1
A0
(θ) ≡ R0
I
A0(θ), L
A−1J
A1
(θ) ≡ KIJA1(θ) = −(−1)
εIεJKJIA1(θ). (12)
In case MLg =
∑Lg
k=0(−1)
kMLg−k−1 = rank
∥∥∥ZALg−1ALg ∥∥∥Σ, we shall refer to (11) and (12) as a special gauge
theory of Lg-stage reducibility. The gauge algebra of such a theory is θ-locally embedded into the gauge
algebra of a general gauge theory with the functional Z[A] = ∂θ(T (θ) − S(θ)), which leads to a relation
between the eigenvectors,
Zˆ
As−1
As
(A(θs−1) , θs−1; θs) = −δ(θs−1 − θs)Z
As−1
As
(A(θs−1), θs−1), (13)
and to a possible parametric dependence of structure functions on ∂θAI (θ). For special gauge theories in
the Hamiltonian formulation, definitions (11) and (12) retain their form; while for general gauge theories
of Lg-stage reducibility definitions (8) and (9) are transformed:
ZˆH
As−1
As
(Γk(θs−1), θs−1; θs) = Zˆ
As−1
As
(
A(θs−1), ∂θs−1A(Γk(θs−1), θs−1), θs−1; θs
)
, s = 0, ..., Lg . (14)
The extension of a usual field theory to a θ-local LSM permits one to apply Noether’s first theorem
[18] to the invariance of the density dθSL(θ) under global θ-translations, as symmetry transformations
(AI , zM , θ) → (AI , zM , θ + µ). One readily checks that the function SE(θ), and thus the action SH(θ),
identical with the former in terms of ΠT ∗MCL-coordinates,
SE ((A, ∂θA)(θ), θ) ≡
∂SL(θ)
∂(∂rθA
I(θ))
∂rθA
I(θ) − SL(θ), (15)
are respective LS and HS integrals of motion, namely, quantities preserved by the θ-evolution, in case
∂
∂θ
SL(θ) + 2(∂θU)(θ)SL(θ)
∣∣∣∣
Ll
I
SL=0
= 0,
∂
∂θ
SH(θ) − (SH(θ), SH(θ))θ = 0. (16)
4
Provided that SH(θ) or SL(θ) do not depend on θ explicitly, (16) yields the equations (SH(θ), SH(θ))θ = 0
or (∂θU)(θ)SL(θ)|Aˆ(θ) = 0, having no analogy in a t-local field theory and implying the condition [3] that
SH(θ) or SL(θ) be proper, however for an LSM on the classical level. Then the θ-superfield integrability
3
of the HS in (3) is implied by the properties of the antibracket, in particular, the Jacobi identity,
(∂rθ )
2ΓPk (θ) =
1
2
(
ΓPk (θ),
(
SH(Γk(θ)), SH(Γk(θ))
)
θ
)
θ = 0. (17)
This yields a θ-translation formula and the nilpotency of the BRST-like generator sˇl(θ) of θ-shifts along
the (εP , ε)-odd vector field Q(θ) = (SH(θ), · )θ
δµF(θ)|Γˆk(θ) = µ [∂/∂θ−Q(θ)]F(θ) ≡ µsˇ
l(θ)F(θ). (18)
Depending on additional properties (see Section 3) of a gauge theory, we shall suppose
∆k(θ)SH(θ) = 0, ∆
k(θ) ≡
1
2
(−1)ε(Γ
Q)ωkQP (θ)
(
ΓPk (θ),
(
ΓQk (θ), ·
)
θ
)
θ
, (19)
which is equivalent to a vanishing antisymplectic divergence of Q(θ),
(
∂r/∂Γ
P
k (θ)
)
Q(θ) = 2∆k(θ)SH(θ) =
0, which holds trivially for its symplectic counterpart. The Hamiltonian master equation (SH(θ), SH(θ))θ =
0 for (∂/∂θ)SH(θ) = 0 explains the interpretation of the equivalent equation in (16), for (∂/∂θ)SL(θ) = 0,
(∂θU)(θ)SL(θ)|Ll
I
SL=0
= 0, as a Lagrangian master equation.
3 Superfield Quantization
3.1 Superfield Construction of a Local Quantum Action
Here, the reducibility relations of a restricted special LSM are transformed into new gauge transformations
for ghost superfields. Along with the gauge transformations of Ai(θ) extracted from AI(θ), the new gauge
transformations imply a Hamiltonian system related to an initial restricted HS and leading to quantum
and gauge-fixing actions subject to respective θ-local master equations. With the standard distribution of
ghost number [3] gh(A∗I) = −1− gh(A
I) = −1 and the choice gh(θ, ∂θ) = (−1, 1) implying the absence of
ghosts among AI , (εP )I = 0, the quantization is firstly given by
(gh, ∂/∂θ)SH(L)(θ) = (0, 0). (20)
Assuming the existence in SH(L)(θ) of a potential term, S(A(θ), 0) = S(A(θ)), a solution of (20) extracts a
usual gauge theory with a classical action S0(A), where A
i are extended to Ai(θ). The generalized HS in (3)
then transforms into a θ-integrable system on ΠT ∗Mcl = {Γ
p
cl(θ)} = {(A
i,A∗i )(θ)} with Θi(A(θ)) ∈ Mcl,
∂rθΓ
p
cl(θ) = (Γ
p
cl(θ), S0(A(θ)))θ , Θi(A(θ)) = −(−1)
εiS0,i (A(θ)). (21)
The restricted special gauge transformations δAi(θ) = Ri0α0 (A(θ)) ξ
α0
0 (θ), ~ε(ξ
α0
0 (θ)) = ~εα0 , (εP )α0 = 0,
are embedded by ξα00 (θ) = dξ˜
α0
0 (θ) = C
α0(θ)dθ, α0 = 1, ..., m0 = m0− +m0+, into an HS of 2n equations
for Γpcl(θ) with the Hamiltonian S
0
1(Γcl, C0)(θ) = (A
∗
iR0
i
α0
(A)Cα0)(θ). A union of this system with the HS
in (21), extended to 2(n+m0) equations, has the form
∂rθΓ
p[0]
[0] (θ) =
(
Γ
p[0]
[0] (θ), S
0
[1](θ)
)
θ
, S0[1](θ) = (S0 + S
0
1)(θ), Γ
p[0]
[0] ≡ (Γ
p
cl,Γ
p0
0 ), Γ
p0
0 ≡ (C
α0 , C∗α0). (22)
Due to (12), S01(θ) is invariant, modulo S0,i (θ), under special gauge transformations for the ghost super-
fields Cα0(θ) with arbitrary functions ξα11 (θ), (εP )α1 = 0, defined in M:
δCα0(θ) = Zα0α1 (A(θ))ξ
α1
1 (θ), (~ε, gh)ξ
α1
1 (θ) = (~εα1 + (1, 0, 1), 1) . (23)
In (23), we now choose ξα11 (θ) = dξ˜
α1
1 (θ) = C
α1(θ)dθ, α1 = 1, ...,m1, and extend the m0 equations for
Cα0(θ) to an HS of 2m0 equations with the Hamiltonian S11(A, C
∗
0 , C1)(θ) = (C
∗
α0
Zα0α1 (A)C
α1 )(θ). We then
3We use the notion of θ-superfield integrability by analogy with [14].
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obtain a system (22) for ∂rθΓ
p0
0 (θ). The extension of a union of the latter HS with eqs. (22) is formally
identical to (22) with the replacement
(Γ
p[0]
[0] , S
0
[1])→ (Γ
p[1]
[1] , S
1
[1]) :
{
Γ
p[1]
[1] = (Γ
p[0]
[0] ,Γ
p1
1 ), Γ
p1
1 = (C
α1 , C∗α1), S
1
[1] = S
0
[1] + S
1
1
}
.
For an L-stage-reducible restricted LSM at the s-th step, 0 < s ≤ L, Γpcl ≡ Γ
p−1
−1 , an iteration corresponding
to reformulated special gauge transformations for Cα0 , ..., Cαs−2 implied by (possibly) enhanced4 formulae
(12) yields invariance transformations for Ss−11 (θ), modulo S0,i (θ),
δCαs−1(θ) = Zαs−1αs (A(θ))ξ
αs
s (θ), (~ε, gh)ξ
αs
s (θ) = (~εαs + s(1, 0, 1), s), (εP )αs = 0,
Ss−11 (θ) = (C
∗
αs−2
Zαs−2αs−1 (A)C
αs−1)(θ), (gh, ∂/∂θ)Ss−11 (θ) = (0, 0). (24)
The replacement ξαss (θ) = dξ˜
αs
s (θ) = C
αs(θ)dθ, αs = 1, ..., ms = ms− +ms+, transforms (24) into ms−1
equations for Cαs−1(θ), enlarged by an introduction of C∗αs−1(θ) to the following HS:
∂rθΓ
ps−1
s−1 (θ) =
(
Γ
ps−1
s−1 (θ), S
s
1(θ)
)
θ
, Ss1(θ) = (C
∗
αs−1
Zαs−1αs (A)C
αs)(θ), Γ
ps−1
s−1 = (C
αs−1 , C∗αs−1). (25)
Making a combination of (25) with an HS of the same form, however with ∂rθΓ
p[s−1]
[s−1] (θ) and with the
Hamiltonian Ss−1[1] (θ) = (S0 +
∑s−1
r=0 S
r
1)(θ), and presenting the result for 2 (n+
∑s
r=0mr) equations with
Ss[1](θ) = (S
s−1
[1] + S
s
1)(θ), we obtain, by induction,
∂rθΓ
p[L]
[L] (θ) =
(
Γ
p[L]
[L] (θ), S
L
[1](θ)
)
θ
, SL[1](θ) = S0(A(θ)) +
∑L
s=0
(C∗αs−1Z
αs−1
αs
(A)Cαs)(θ). (26)
With the antibracket extended to ΠT ∗Mk, the function SL[1](θ) is a proper solution [3] of the classical master
equation with accuracy up to O(Cαs), modulo S0,i (θ). An integrability of the HS in (26) is implied by a
deformation of SL[1](θ) in powers of both Φ
∗
Ak
(θ) and Cαs(θ), by virtue of a superfield counterpart of the
existence theorem [3] for the classical master equation in the minimal sector:
(SH;k(Γk(θ)), SH;k(Γk(θ)))θ = 0, (~ε, gh, ∂/∂θ)SH;k(Γk(θ)) =
(
~0, 0, 0
)
, k = min. (27)
The construction of SH;min(θ) is a superfield analogue of the Koszul–Tate complex resolution [19]. As-
suming now k = ext, we remind that the enlargement of SH;min(θ) to SH;k(Γk(θ)), SH;k(θ) = SH;min(θ) +∑L
s=0
∑s
s′=0(C
∗
s′αs
Bαss′ )(θ), being a proper solution in ΠT
∗Mk, with a deformation in the Planck constant
~, determines a quantum action SΨH (Γ(θ), ~), e.g., in case of an Abelian hypergauge,[
Γpkk (θ) 7→ Γ
′pk
k (θ) =
(
ΦAk(θ),Φ∗Ak(θ)−
∂Ψ(Φ(θ))
∂ΦAk(θ)
)]
⇒ SΨH (Γ(θ), ~) = e
(Ψ(Φ(θ)), · )θSH;k(Γk(θ), ~). (28)
The functions (SΨH , SH;k)(θ, ~) obey equations (19), (27) provided that the ~-deformation of SH;min(θ) is
their solution. Such equations are known to ensure an integrability of the non-equivalent HS constructed
from SΨH , SH;k, as well as the anticanonical [respecting the volume dVk(θ) =
∏
pk
dΓpkk (θ)] nature of
transformations (28), related to a θ-shift by a constant µ along the corresponding HS solutions. At the
same time, the quantum master equation
∆k(θ) exp [(i/~)E(θ, ~)] = 0, E ∈ {SΨH , SH;k} (29)
introduces a non-integrable HS, with the corresponding anticanonical transformation preserving dVˆk(θ) =
exp [(i/~)E(θ, ~)] dVk(θ). The vector field related to the latter HS determines, for ∂
r
θΦ
∗
Ak
(θ) = 0, a θ-local
generator s˜l(Ψ)(θ) of BRST transformations crucial for the BV formalism (in case θ = 0).
4From gh(AI ) = 0 in eqs. (20), with (εP )As = (εP )I = 0, s = 0, ..., Lg, it follows that m, ms may be both larger and
smaller than M , Ms, in contrast to n, N . In fact, a restricted LSM may possess additional gauge symmetries. Thus, we
suppose that (possibly) enhanced sets of restricted functions R0iα0 (θ), Z
αs−1
αs (θ) exhaust, on the surface S0,i (θ) = 0, the
zero-modes of both S0,ij (θ) andZ
αs−2
αs−1 (θ), respectively. At the final stage of reducibility for a restricted model, the above
implies that L 6= Lg .
6
3.2 BV–BFV Duality
We now propose a dual description for an LSM. Namely, an embedding of a restricted LSM gauge algebra
with SH;min(θ) and equations (27) into the gauge algebra of a general gauge theory in Lagrangian formalism
(8)–(12) can be realized by dual counterparts, with the opposite (εP , ε)-parity, of the action and antibracket,
following, in part, Refs. [8, 15]. For this purpose, consider the functional
Zk[Γk] = −∂θSH;k(θ) , (~ε, gh)Zk = ((1, 0, 1), 1)
in ΠT (ΠT ∗Mk) = {(Γ
pk
k , ∂θΓ
pk
k )(θ), k = min}, with a symplectic and odd Poisson structures which define
an even functional { · , · } with canonical pairs {(ΦAkk , ∂θΦ
∗
Ak
), (∂θΦ
Ak
k ,Φ
∗
Ak
) }(θ) and a θ-local odd Poisson
bracket ( · , · )
(Γk,∂θΓk)
θ . The latter bracket acts on C
∞(ΠT (ΠT ∗Mk) ×θ) and provides a lifting of ( · , · )θ
defined in ΠT ∗Mk. For any Ft[Γk] = ∂θFt ((Γk, ∂θΓk)(θ), θ), t = 1, 2, there holds a correspondence
between the Poisson brackets of the opposite Grassmann gradings:
{F1, F2} =
∫
dθ
[
δF1
δΦAk(θ)
δF2
δΦ∗Ak(θ)
−
δrF1
δΦ∗Ak(θ)
δlF2
δΦAk(θ)
]
=
∫
dθ(F1(θ),F2(θ))
(Γk,∂θΓk)
θ ,
(F1(θ),F2(θ))
(Γk,∂θΓk)
θ ≡
[
(LAkF1)L
∗AkF2 − (L
∗Ak
r F1)L
l
Ak
F2
]
(θ). (30)
Here, for instance, the Euler–Lagrange superfield derivative with respect to Φ∗Ak(θ), for a fixed θ, is given
by L∗Ak(θ) = ∂/∂Φ∗Ak(θ)− (−1)
εAk+1∂θ · ∂/∂
(
∂θΦ
∗
Ak
(θ)
)
.
The functional Zk, for k = min, is nilpotent by construction: {Zk, Zk} = ∂θ (SH;k(θ), SH;k(θ))θ = 0.
The absence of a time coordinate implies that Zk formally corresponds to a BRST charge for a dynamical
system with first-class constraints [2]. In fact, after identifying (Γk, ∂θΓk)(0) with phase-space coordinates
(of the minimal sector) canonical with respect to the (εP , ε)-even BFV bracket for a first-class constrained
system of (L+ 1)-stage reducibility,
(qi, pi) = (A
i, ∂θA
∗
i )(0),
(
CAs ,PAs
)
=
(
(∂rθC
αs−1 , Cαs), (C∗αs−1 , ∂θC
∗
αs
)
)
(0),
As = (αs−1, αs), s = 0, ..., L,
(
CAL+1 ,PAL+1
)
=
(
(∂rθC
αL , 0), (C∗αL , 0)
)
(0), (31)
the functional Zk acquires the form
Zk[Γk] = TA0(q, p)C
A0 +
L+1∑
s=1
PAs−1Z
As−1
As
(q)CAs +O(C2). (32)
The structure functions of the initial L-stage reducible restricted LSM in the enhanced eqs. (9) determine
TA0(q, p) and a set of (L+ 1)-stage reducible eigenvectors Z
As−1
As
(q):
TA0(q, p) =
(
S0,i (q),−piR0
i
α0
(q)
)
, Z
As−1
As
(q) = diag
(
Zαs−2αs−1 ,
[
1− δαsαL+1
]
Zαs−1αs
)
(q), (33)
Z
As−2
As−1
Z
As−1
As
= TB0L
As−2B0
As
(q, p), s = 1, ..., L+ 1, Z
A−1
A0
≡ TA0 , L
As−2β0
As
= 0,
L
As−2j
As
= diag
(
Lαs−3jαs−1 , L
αs−2j
αs
)
, Lα−2jα0 = L
αL−1j
αL+1
= 0, Lα−1jα1 (q, p) = (−1)
εj+1piK
ji
α1
(q). (34)
Formulae (30)–(34) generalize to any reducible theories the dual description (proposed for εi = εα0 = L =
0) of a quantum action in the minimal sector via a nilpotent BRST charge in the minimal sector [15]. One
can show that the corresponding dual description in terms of the extended variables of the BV and BFV
methods yields the only possible embedding of Zk[Γk], k = ext, and ΠT (ΠT
∗Mk) into the BRST charge
and total phase space of the BFV method.
A characteristic property of the duality problem is an equivalent definition of the systems with the
Hamiltonians SΨH (Γ(θ), ~), SH;k(θ), k = min, ext, by means of dual fermionic functionals, Zk[Γk], Z
Ψ[Γ] =
−∂θSΨH (Γ(θ), ~), in terms of even Poisson brackets:
∂rθΓ
p(θ) =
(
Γp(θ), SΨH (Γ(θ), ~)
)
θ
= −
{
Γp(θ), ZΨ[Γ]
}
. (35)
Thus, BRST transformations in a Lagrangian formalism with Abelian hypergauges can be expressed in
terms of a formal BRST charge ZΨ[Γ] related to Zk[Γk], k = ext, by a canonical transformation with an
even phase, FΨ[Φ] = ∂θΨ(Φ(θ)), Z
Ψ[Γ] = exp
{
FΨ, ·
}
Zk[Γk].
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3.3 Local Quantization
Let us define a generating functional of Green’s functions Z(θ) and an effective action Γ(θ), using an invari-
ant description of super(anti)fields on a general antisymplectic manifold. For this purpose, we use a choice
of Darboux coordinates (ϕ, ϕ∗)(θ) consistent with the properties of a quantum action. We suppose that
a model is described by a quantum action W (θ) ≡ W (θ, ~) defined on an arbitrary (without connection)
antisymplectic manifold N={Γp(θ)}, dimN = dimΠT ∗Mext, with a density function ρ(Γ(θ)) determining
an invariant volume element dµ(Γ(θ)). A local antibracket and a nilpotent second-order operator ∆N (θ)
are defined with the help of an odd Poisson bivector, ωpq(Γ(θ)) = (Γp(θ), Γq(θ))
N
θ ,
∆N (θ) =
1
2
(−1)ε(Γ
q)ρ−1ωqp(θ)
(
Γp(θ), ρ (Γq(θ), · )Nθ
)N
θ
. (36)
In perturbation theory, a generating functional of Green’s functions Z ((∂θϕ
∗, ϕ∗, ∂θϕ, I)(θ)) ≡ Z(θ) can de
defined as a path integral (for a fixed θ) by introducing onN some Darboux coordinates Γp(θ) = (ϕa, ϕ∗a)(θ)
in a vicinity of the stationary points ofW (θ) such that ρ = 1 and ωpq(θ) = antidiag(−δab , δ
a
b ). The function
Z(θ) =
∫
dµ
(
Γ˜(θ)
)
dΛ(θ) exp
{
(i/~)
[
W
(
Γ˜(θ), ~
)
+ X ((ϕ˜, ϕ˜∗ − ϕ∗,Λ,Λ∗) (θ), ~)|Λ∗=0
− ((∂θϕ
∗
a)ϕ˜
a + ϕ˜∗a∂
r
θϕ
a − IaΛ
a)(θ)]} , dµ (Γ(θ)) = ρ(Γ(θ))dΓ(θ), (37)
depends on extended sources (∂θϕ
∗
a, ∂
r
θϕ
a, Ia)(θ) = (−Ja, λa, I0a+ I1aθ) for (ϕa, ϕ∗a,Λ
a)(θ) with the prop-
erties (~ε, gh)∂θϕ
∗
a = (~ε, gh)Ia + ((1, 0, 1), 1) = (~ε,−gh)ϕ
a, where Λa(θ) = (λa0 + λ
a
1θ) are Lagrangian
multipliers to independent non-Abelian hypergauges, Ga(Γ(θ)), a = 1, ..., k = dim+N ; see [13]. The
functions Ga(Γ(θ)), (~ε, gh)Ga = (~ε, gh)Ia, determine a boundary condition (when Λ∗a = ~ = 0) for the
gauge-fixing action X(θ) = X ((Γ,Λ,Λ∗)(θ), ~) defined on the direct sum Ntot = N ⊕ ΠT ∗K, where
ΠT ∗K = {(Λa,Λ∗a)(θ)}. Hypergauges in involution (Ga(θ), Gb(θ))
N
θ = Gc(θ)U
c
ab(Γ(θ)) obey various
unimodularity relations [13] depending on equations with a solution X(θ), in terms of the antibracket
( · , · )θ = ( · , · )Nθ + ( · , · )
K
θ and the operator ∆(θ) = (∆
N +∆K)(θ), trivially lifted from N to Ntot,
1) (E(θ), E(θ))θ = 0, ∆(θ)E(θ) = 0; 2)∆(θ) exp [(i/~)E(θ)] = 0, E ∈ {W,X}. (38)
The functions Ga(θ) solvable with respect to ϕ
∗
a(θ) determine a Lagrangian surface, Qg = {(ϕ
∗,Λ)(θ)} ⊂
Ntot, on which X(θ)|Qg is non-degenerate. Then integration over (ϕ˜
∗,Λ)(θ) in eq. (37) yields (when
∂θϕ
a = Ia = 0) a function whose restriction to the Lagrangian surface Q = {ϕ(θ)} is also non-degenerate.
Using the properties of (W,X)(θ), one can introduce an effective action Γ(θ) ≡ Γ(ϕ, ϕ∗, ∂rθϕ, I)(θ) by
a Legendre transformation of lnZ(θ) with respect to ∂θϕ
∗
a(θ),
Γ(θ) = (~/i) lnZ(θ) + ((∂θϕ
∗
a)ϕ
a) (θ), ϕa(θ) = i~
∂l lnZ(θ)
∂(∂θϕ∗a(θ))
. (39)
The properties of (Z, Γ)(θ) are implied by a θ-nonintegrable Hamiltonian-like system with an arbitrary
(εP , ε)-even C
∞(Ntot)-function R(θ) = R
(
(Γ˜,Λ,Λ∗)(θ), ~
)
, ghR(θ) = 0, for T (θ) = exp [(i/~) (W −X)(θ)],
∂rθ
(
Γ˜p,Λa, ϕ∗a,Λ
∗
a
)
(θ) = −i~T−1(θ) ( · , T (θ)R(θ)) θ
(
Γ˜p, 2Λa, 0, 0
)
(θ)
∣∣∣
Λ∗=0
. (40)
The integrand in (37) is invariant (for ∂θϕ
∗ = ∂θϕ = I = 0) under the superfield BRST transformations
Γ˜tot(θ) = (Γ˜,Λ,Λ
∗)(θ)→
(
Γ˜tot + δµΓ˜tot
)
(θ), δµΓ˜tot(θ) =
(
∂rθ Γ˜tot
)∣∣∣
Γˇtot
µ, (41)
related to a θ-shift by a constant µ along an arbitrary solution Γˇtot(θ) of (40), for R(θ) = 1, with the
arguments of (W,X)(θ) being those in (37).
The function ZX(θ) ≡ Z(0, ϕ∗, 0, 0)(θ) is gauge-independent: it does not change if X(θ) is replaced by
(X + ∆X)(θ) that obeys equations (38) for X(θ) and respects nondegeneracy on Qg. This means that
∆X(θ) obeys a set of linearized equationswith a nilpotent operator Qj(X),
Qj(X)∆X(θ) = 0, δj1∆(θ)∆X(θ) = 0; Qj(X) = adX(θ)− δj2(i~∆(θ)), j = 1, 2, (42)
where j labels those equations in (38) which are met by X(θ). By analogy with the theorems [20], the fact
that solutions X(θ) of each system in (38) are proper implies that the cohomologies of Qj(X) on functions
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f(Γtot(θ)) ∈ C∞(Ntot) vanishing for Γtot(θ) = 0 are trivial. Thus, the general solution of (42) is given by
a certain function ∆Y (θ), ∆Y (θ)|Γtot=0 = 0,
∆X(θ) = Qj(X)∆Y (θ), δj1∆(θ)∆Y (θ) = 0, (~ε, gh, ∂/∂θ)∆Y (θ) = ((1, 0, 1),−1, 0) . (43)
Making in ZX+∆X(θ) a change of variables induced by a θ-shift by a constant µ, related to (40), and
choosing 2R(θ)µ = ∆Y (θ), we have ZX+∆X(θ) = ZX(θ), which implies the gauge-independence of the
S-matrix, in view of the equivalence theorem [21].
Following Subsection 3.2, the stated properties of ZX(θ) can be independently derived from a Hamil-
tonian-like system in terms of an even superfield Poisson bracket in general coordinates (see footnote 4),
∂rθ
(
Γ˜p,Λa, ϕ∗a,Λ
∗
a
)
(θ) =
{
· , (ZX + i~ZR)[Γ˜tot]− Z
W [Γ˜]
}(
Γ˜p, 2Λa, 0, 0
)
(θ)
∣∣∣
Λ∗=0
, (44)
where ZE [Γtot] = −∂θE(Γtot(θ), ~), E ∈ {W,X,R}. If (W,X)(θ), obey the first system in (43), then
ZW , ZX , playing the role of a usual and gauge-fixing BRST charge, are nilpotent with respect to the
Poisson bracket { · , · } = { · , · }ΠTN +{ · , · }ΠTK. Here, the first bracket is defined on any functionals over
ΠTN × {θ} in terms of a θ-local extension ( · , · )ΠTNθ = ((L
r
p · )ω
pq(Γ(θ))Llq · ) of antibracket (30)
{F1, F2}
ΠTN ≡
∫
dθ
δrF1
δΓp(θ)
ωpq(Γ(θ))
δlF2
δΓq(θ)
= ∂θ(F1(θ),F2(θ))
ΠTN
θ , Ft[Γ] = ∂θFt((Γ, ∂θΓ)(θ), θ), (45)
where Llp(θ) is the left-hand Euler–Lagrange superfield derivative with respect to Γ
p(θ).
The functions (Z, Γ)(θ) obey the Ward identities{
∂θϕ
∗
a(θ)
∂l
∂ϕ∗a(θ)
+
i
~
∂rθϕ
a(θ)
[
∂θϕ
∗
a(θ)−
∂X
∂ϕ˜a(θ)
(
i~
∂l
∂(∂θϕ∗)
, i~
∂r
∂(∂rθϕ)
− ϕ∗,
~
i
∂l
∂I
, 0
)]
+
i
~
Ia(θ)
∂l
∂Λ∗a(θ)
X
(
i~
∂l
∂(∂θϕ∗)
, i~
∂r
∂(∂rθϕ)
− ϕ∗,
~
i
∂l
∂I
,Λ∗
)∣∣∣∣
Λ∗a=0
}
Z(θ) = 0, (46)
Ia(θ)
∂l
∂Λ∗a(θ)
X
(
ϕb + i~(Γ′′−1)bc
∂l
∂ϕc
, i~
∂r
∂(∂rθϕ)
−
∂rΓ
∂(∂rθϕ)
− ϕ∗,
∂lΓ
∂I
+
~
i
∂l
∂I
,Λ∗
)∣∣∣∣
Λ∗a=0
+ ∂rθϕ
a(θ)
{
∂Γ(θ)
∂ϕa(θ)
−
(
∂X
∂ϕ˜a(θ)
)(
ϕb + i~(Γ′′−1)bc
∂l
∂ϕc
, i~
∂r
∂(∂rθϕ)
−
∂rΓ
∂(∂rθϕ)
− ϕ∗,
∂lΓ
∂I
+
~
i
∂l
∂I
, 0
)}
+
1
2
(Γ(θ), Γ(θ))
(Γ)
θ = 0,
[
Γ
′′
ab(θ) ≡
∂l
∂ϕa(θ)
∂r
∂ϕb(θ)
Γ(θ), Γ′′ac(θ)(Γ
′′−1)cb(θ) = δa
b
]
, (47)
which follow from the functional averaging of the respective system for W (θ) and X(θ) in (38), as well as
from integration by parts in the path integral, with allowance for (∂/∂ϕ˜∗+∂/∂ϕ∗)X(θ) = 0.
For Abelian hypergauges GA ((Φ,Φ
∗)(θ)) = Φ∗A(θ) − ∂Ψ(Φ(θ))/∂Φ
A(θ) = 0 related to eq. (28), with
(ϕ, ϕ∗,W ) = (Φ,Φ∗, SH;ext), ∂
r
θΦ
A = IA = 0, the functional Z(∂θΦ∗,Φ∗)(θ) acquires the form
Z (∂θΦ
∗,Φ∗) (θ) =
∫
dΦ(θ)exp
{
i
~
[
SΨH (Γ(θ), ~)− ((∂θΦ
∗
A)Φ
A)(θ)
]}
. (48)
For an HS with a Hamiltonian SΨH (θ, ~) and a solution Γˇ(θ) defined in ΠT
∗Mext, the BRST transformations
are given by an anticanonical (for a constant µ) transformation:
Γp(θ)→ Γ(1)p(θ) = exp
[
µsl(Ψ)(θ)
]
Γp(θ), sl(Ψ)(θ) ≡ ∂/∂θ−
(
SΨH (θ, ~), ·
)
θ
. (49)
From the permutation rule for the functional integral, ε(dΦ(θ)) = 0,
∂θ
∫
dΦ(θ)F ((Φ,Φ∗)(θ), θ) =
∫
dΦ(θ) [∂/∂θ+ (∂θV )(θ)]F(θ), ∂θV (θ) = (∂θΦ
∗
A(θ)) ∂/∂Φ
∗
A(θ) ,
with i~∂rθ lnZ(θ) = (∂θΦ
∗
A∂
r
θΦ
A)(θ)− ∂rθΓ(θ), follow the relations
∂θZ(θ)|Γˇ(θ) = (∂θV )(θ)Z(θ) = 0, ∂
r
θΓ(θ)|Γˇ(θ) = (Γ(Γ(θ)), Γ(Γ(θ)))θ = 0, (50)
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which are implied by functional averaging with respect to Z(θ) and Γ(θ),
〈∂rθΓ
p〉|
Z
=
(
~
i
Z
−1 ∂Z(θ)
∂Φ∗A(θ)
,−∂θΦ
∗
A(θ)
)
, 〈∂rθΓ
p〉 = (〈Γp(θ)〉, Γ(〈Γ(θ)〉))θ = ∂
r
θ 〈Γ
p〉, (51)
without the sign of averaging in (50) for Γˇp(θ) and Γp(θ). Formulae (50) relate the Ward identities in a
theory with Abelian hypergauges to the invariance of the generating functional of Green’s functions under
superfield BRST transformations.
4 Relation between Lagrangian Quantizations
A relation between the conventional and θ-local quantizations can be established through the component
form of ΓPCL,Γ
pk
k ,Λ
a, Ia,Γ
pk
k (θ) = Γ
pk
0k + Γ
pk
1kθ, k = tot, for θ = 0: (M, Nk, Λ
a, Ia) → (M˜, Nk|θ=0 =
{Γpk0k}, λ
a
0 , I0a). Besides the condition θ = 0, a standard field model can be extracted by eliminating
the quantities ∂θAI(θ), A∗I(θ) and the superfields A
I(θ) with a wrong spin-statistics relation, εP (AI)
6= 0. Such an elimination can be realized5 by eqs. (20) and the conditions gh(AI) = −1 − gh(A∗I) = 0,
(εP )I = 0. For a restricted LSM of Section 3, a reduction to a model of the multilevel formalism [13] is
achieved for vanishing θ, ∂θϕ
∗
a, ∂θϕ
a, ϕ∗a, Ia. Then the first-level functional integral Z
(1) and its symmetry
transformations [13], with λa0 instead ofπ
a for Lagrangianmultipliers of [13],
Z(1) =
∫
dλ0dΓ0M(Γ0) exp
{
i
~
(W (Γ0) +Ga(Γ0)λ
a
0)
}
,
[δΓp0, δλ
a
0 ] =
[
(Γp0,−W +Gaλ
a
0) ,−U
a
cbλ
b
0λ
c
0(−1)
εc + 2i~V ab λ
b
0 + 2(i~)
2G˜a
]
µ,
coincide with ZX(0)|ϕ∗0=0
and its BRST transformations generated by (40) for R(θ) = 1, under the
identification (ρ, ωpq)(Γ0) = (M,E
pq)(Γ0) implying the coincidence of ( · , · )θ|θ=0 and ∆(0) with their
counterparts of [13]. The coincidence is implied by the choice of X(θ) as
X(θ) =
{
Ga(Γ)Λ
a − Λ∗a
[
1
2
Uacb(Γ)Λ
bΛc(−1)εc − i~V ab (Γ)Λ
b − (i~)2G˜a(Γ)
]}
(θ) + o(Λ∗), (52)
where (V ab , G˜
a)(θ) and (Uacb, Ga)(θ) determine the unimodularity relations [13]. A connection between the
local quantization and the generating functional of Green’s function Z[J, φ∗] of the BV method is evident
after identifying Z (∂θΦ
∗,Φ∗) (0) = Z[J, φ∗] in (48), with the actionSΨH (Γ0, ~) in (28), (29).
An arbitrary function F(θ) = F ((Γ, ∂θΓ)(θ), θ) ∈ C∞ (ΠTN × {θ}) can be represented (in case Γp =
(ΦA,Φ∗A) see footnote 1) by a functional F [Γ] of the superfield scheme [5],
F [Γ] = ∂θ [θF(θ)] = F (Γ(0), ∂θΓ, 0) ≡ F(Γ0,Γ1) . (53)
This implies the independence of F [Γ] from ∂rθΓ
p(θ) in case F (θ) = F (Γ(θ), θ). Formula (53) allows one
to establish a relation between the objects ( · , · )Nθ and ∆
N (θ) in C∞ (N × {θ}), with an extension to any
(Γ, ωpq, ρ)(θ) of the flat operations ( · , · ), ∆ in [5], which coincide with their analogies of the BV method
in case Γp = (ΦA,Φ∗A), ω
pq(Γ(θ)) = antidiag
(
−δAB, δ
A
B
)
, ρ(θ) = 1, and in the case of a different odd Poisson
bivector, ω˜pq(Γ(θ), θ′) = (1 + θ′∂θ)ω
pq(θ). This correspondence is implied by
(F(θ),G(θ))Nθ
∣∣
θ=0
= (F [Γ], G[Γ])
N
= ∂θ
[
δrF [Γ]
δΓp(θ)
∂θ′
(
ω˜pq(Γ(θ), θ′)
δlG[Γ]
δΓq(θ′)
)]
(−1)ε(Γ
p)+1, (54)
∆N (θ)F(θ)
∣∣
θ=0
= ∆NF [Γ] =
1
2
(−1)ε(Γ
q)∂θ∂θ′
[
ρ−1[Γ]ω˜qp(θ
′, θ)
(
Γp(θ), ρ[Γ] (Γq(θ′), F [Γ])
N
)N]
, (55)
where (ρ[Γ], ω˜pq(θ
′, θ)) = (ρ(Γ0), θ
′θωpq(θ)) and ∂
′′
θ
[
ω˜pd(θ′, θ′′)ω˜dq(θ
′′, θ)
]
= θδpq. To establish the corre-
spondence with ( · , · ) and ∆ of [5] in (54), (55), one needs a relation between superfield and component
derivatives: ∂rθΓ
p(θ) = (λA,−(−1)εAJA), δl/δΓp(θ) = (−1)ε(Γ
p) (θδl/δΓ
p
0 − δl/δΓ
p
1).
In general coordinates, the operators ∂θ(V ± U)N (0) in N = ΠT ∗Mext|θ=0, reduced to
∂θ(V ± U)(0) = ∂θΦ
∗
A(θ)∂/∂Φ
∗
A(0)± ∂θΦ
A(θ)∂l/∂Φ
A(0),
5In theories of Yang–Mills type a standard field model can also be extracted by special horizontality conditions [7, 22]
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coincide with the generalized sum and difference of V , U in [5], for t = 1, 2:
∂θ(V − (−1)
tU)N (θ)F(θ)
∣∣
θ=0
=
(
St(θ),F(θ)
)
N
θ
∣∣
θ=0
= (V − (−1)tU)NF [Γ] =
(
St[Γ], F [Γ]
)N
,
St(θ) = (∂θΓ
p)ωtpq(Γ(θ))Γ
q(θ), St[Γ] = ∂θ
{
Γp(θ)∂θ′∂θ
[
ω˜tpq(θ, θ
′)Γq(θ′)
]}
= St(0), (56)
where the ~ε-bosonic quantities St(θ) or St[Γ] must obey certain differential equations providing the an-
ticommutativity of the operators {∆N , ∂θV N , ∂θUN }(θ), while ωtpq(θ) and ω˜
t
pq(θ, θ
′), identical to ωpq(θ)
and ω˜pq(θ, θ
′) in case t = 1, are given by
ω˜tpq(θ, θ
′) = θθ′ωtpq(θ
′) = −(−1)t+ε(Γ
p)ε(Γq)ω˜tqp(θ
′, θ), ωtpq(θ) = (−1)
ε(Γp)ε(Γq)+tωtqp(θ) .
5 Summary
We have proposed a θ-local description of an arbitrary reducible superfield theory as a natural extension
of a standard gauge theory with classical fields Ai to a superfield model defined on extended cotangent{
AI ,A∗I
}
(θ) and tangent
{
AI , ∂θAI
}
(θ) odd bundles in respective Hamiltonian and Lagrangian formula-
tions. It is shown that the conservation, under the θ-evolution, of a Hamiltonian action SH ((A,A∗)(θ), θ),
or, equivalently, of an odd analogue of the energy, SE ((A, ∂θA)(θ), θ), is equivalent to a respective Hamil-
tonian or Lagrangian master equation. We have proposed a θ-local description of Lagrangian quantization
in non-Abelian hypergauges for a reducible gauge model extracted from a general superfield model by
conditions of the θ-independence of the classical action and the vanishing of ghost number for AI(θ) and
the action. To investigate the BRST invariance and gauge-independence of the generating functionals of
Green’s functions, we have used two equivalent Hamiltonian-like systems, defined in terms of a θ-local
antibracket and an even Poisson bracket, respectively. These systems permit a simultaneous description
of BRST transformations and continuous (anti)canonical-like transformations. We have established the
coincidence of the first-level functional integral Z(1) in the first-level formalism [13] with the local vacuum
function of the suggested quantization scheme, as well as the coincidence of the generating functional
Z(φ∗, J) of the BV method with Z(∂Φ∗,Φ∗)(0).
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